This work describes the derivation of an algebraic model for the Reynolds stresses and turbulent heat flux in stably stratified turbulent flows, which are mutually coupled for this type of flow. For general two-dimensional mean flows, we present a correct way of expressing the Reynolds-stress anisotropy and the (normalized) turbulent heat flux as tensorial combinations of the mean strain rate, the mean rotation rate, the mean temperature gradient and gravity. A system of linear equations is derived for the coefficients in these expansions, which can easily be solved with computer algebra software for a specific choice of the model constants. The general model is simplified in the case of parallel mean shear flows where the temperature gradient is aligned with gravity. For this case, fully explicit and coupled expressions for the Reynolds-stress tensor and heat-flux vector are given. A self-consistent derivation of this model would, however, require finding a root of a polynomial equation of sixthorder, for which no simple analytical expression exists. Therefore, the nonlinear part of the algebraic equations is modelled through an approximation that is close to the consistent formulation. By using the framework of a K-ω model (where K is turbulent kinetic energy and ω an inverse time scale) and, where needed, near-wall corrections, the model is applied to homogeneous shear flow and turbulent channel flow, both with stable stratification. For the case of homogeneous shear flow, the model predicts a critical Richardson number of 0.25 above which the turbulent kinetic energy decays to zero. The channel-flow results agree well with DNS data. Furthermore, the model is shown to be robust and approximately self-consistent. It also fulfils the requirements of realizability.
Introduction
In many applications, within both engineering and the atmospheric sciences, models of the turbulent fluxes that appear in the Reynolds-averaged Navier-Stokes (RANS) equations have been important and relatively inexpensive tools for making predictions of turbulent flows. Traditionally, simple two-equation models that make use of eddyviscosity and eddy-diffusivity concepts have prevailed. Such models, however, lack the correct description of some important physical aspects, and they give poor results in
Derivation of the explicit algebraic model
The buoyancy force that acts on the fluid in the case of stratified flows causes a coupling between two equations governing the flow: the momentum equation and the temperature equation. When density changes due to buoyancy are small compared to the hydrostatic value ρ 0 , the Boussinesq approximation can be used, which yields the following set of equations for the velocity field u i , the pressure p, and the (potential) temperature θ: ∂ u j ∂x j = 0, (2.1a) 1c) where ν is the kinematic viscosity, κ is the molecular heat diffusivity, β T is the thermal expansion coefficient, and g i is the gravitational acceleration. The last term in (2.1b) is the buoyancy force that couples the momentum equation to the temperature.
To study turbulent flows, we apply the Reynolds decomposition, which expresses variables as the sum of a mean part (U i , P, Θ) and turbulent fluctuations (u i , p, θ):
2)
The Reynolds-averaged version of (2.1) reads:
∂ U j ∂x j = 0, (2.3a)
3b) Lazeroms, G. Brethouwer, S. Wallin and A. V. Johansson where D/Dt = ∂/∂t + U k ∂/∂x k is the material derivative along the mean flow. In order to solve these equations, one needs to model the unknown Reynolds stresses u i u j and the turbulent heat flux u j θ , which turn out to be coupled through the buoyancy force.
Transport equations for turbulent fluxes
From the equations for the turbulent fluctuations that are found by subtracting (2.3) from (2.1), one can derive transport equations for u i u j and u i θ. These equations form the basis of differential Reynolds-stress models (DRSM), and they have the following form:
Du i u j Dt − D ij = P ij + Π ij − ε ij + G ij , (2.4a)
In each of these equations, the terms correspond to (from left to right) advection, diffusion, production, pressure redistribution, dissipation and buoyancy. The production terms have the following forms: 5) and the buoyancy terms are expressed as: 6) where K θ = θ 2 /2 is half the temperature variance. One can see that the equations in (2.4) are coupled through the terms P θi and G ij . The pressure-redistribution and dissipation terms contain new correlations and therefore need to be modelled. For Π ij we take the model proposed by Rotta (1951) and Launder, Reece & Rodi (1975) to which a buoyancy contribution is added (Launder 1975) :
where K = u k u k /2 is the turbulent kinetic energy and ε = ε kk /2 its dissipation rate. The coefficients c 1 , c 2 and c 3 are model constants that still need to be specified. Equation (2.7) is the most general linear form for the pressure-redistribution term, and it can be derived by considering the Poisson equation for the pressure fluctuations. The dissipation-rate tensor ε ij is assumed to be isotropic, hence:
εδ ij .
(2.8)
Furthermore, the terms Π θi and ε θ i are modelled as follows (Wikström et al. 2000; Launder 1975 ):
where c θ1 , c θ2 , c θ3 , c θ4 , c θ5 and c θg are model constants. Again, all terms in (2.9), except for the nonlinear term involving c θ5 , can be regarded as the most general linear form derived from the Poisson equation for the pressure fluctuations. The nonlinear term is added to incorporate effects of the mean temperature gradient in the slow part of the pressure-redistribution model. The appropriateness of the models in (2.7) and (2.9) depends on the choice of values for the model constants. The values used here are presented throughout the paper and specifically in § 4.1. The transport equations in (2.4) form the basis of the current derivation. Together with suitable equations for K, K θ and ε, they form a closed system for determining the Reynolds stresses and heat flux in terms of the mean flow quantities. The turbulent kinetic energy K and the temperature variance 2K θ are governed by the following transport equations:
10a)
(2.10b) Equation (2.10a) is, in fact, half the trace of (2.4a), and the production and buoyancy terms can be written as: 11a) whereas the terms on the right-hand side of the K θ -equation are expressed as: 11b) where r = τ θ /τ is the ratio of turbulence time scales for the temperature (τ θ = K θ /ε θ ) and the velocity (τ = K/ε). The precise framework of models for K, K θ and ε used in this work will be discussed in § 3. We now turn to the treatment of the advection and diffusion terms in (2.4), which can be approximated in terms of the other quantities by using the weak-equilibrium assumption. In this way, we will find a system of algebraic equations for u i u j and u i θ.
Weak-equilibrium and algebraic equations
Equations (2.4) can be reformulated in terms of dimensionless quantities, namely the Reynolds-stress anisotropy a ij and a normalized heat flux ξ i , which are defined as:
The transport equations for these quantities take the following form: Lazeroms, G. Brethouwer, S. Wallin and A. V. Johansson The left-hand sides of these equations are the sum of advection and diffusion of a ij and ξ i , respectively. The key idea in the derivation of the algebraic model is the weakequilibrium assumption, which states that both the advection and diffusion of these dimensionless quantities can be neglected. It was first applied by Rodi (1972 Rodi ( , 1976 to u i u j /K, assuming that this dimensionless quantity only varies slowly in space and time. In other words, the spatial and temporal variations in u i u j are only caused by variations in its scalar measure, K. By applying this assumption to ξ i , the variations in u i θ are only caused by the scalar measure √ KK θ . In some previous models (e.g. Cheng et al. 2002) , the advection and diffusion of dimensional quantities such as b ij = Ka ij and u i θ itself were neglected, which cannot be justified by the same principles. By looking at the diffusion term of a ij in (2.13a), for example, one can see that neglecting this term actually amounts to approximating the Reynolds-stress diffusion term as D ij ≈ (u i u j /K)D, i.e. proportional to the diffusion of K scaled with the relative intensity in the respective direction. The same reasoning applies to the diffusion term of ξ i in (2.13b). This approach is clearly more general than neglecting D ij and D θi altogether, which are not small compared to the production terms when the degree of inhomogeneity is large (e.g. in the near-wall region), or modelling D ij as an isotropic term such as in the model of Cheng et al. (2002) . Indeed, it will turn out that such assumptions lead to a less general model that might cause problems in complex flow situations. The more general assumptions used in the current work are therefore preferred. A proper validation of the weak-equilibrium assumption requires DNS data for all terms appearing in (2.13). One example of such a study can be found in Wikström et al. (2000) for the passive scalar flux in channel flow. In general, one can say that the weak-equilibrium assumption approximately holds in regions where there is enough production of turbulence. In regions where the production of turbulence is small compared to dissipation, e.g. near the wall or in the centre of channel flow, the weak-equilibrium assumption is no longer expected to be valid. Although we lack the DNS data needed to validate these statements for the stratified cases considered in this work, they are expected to hold also for these cases.
Using the weak-equilibrium assumption, the left-hand sides of (2.13) are now put to zero, which reduces them to the following algebraic equations:
These equations are expressed in a purely non-dimensional form. For this purpose we use a ij and ξ i , as well as the following scaled quantities:
(mean strain-rate tensor), (2.15a)
15b)
15c)
The result after applying (2.5)-(2.9) is the following set of algebraic equations for a ij and ξ i :
in which we have two non-constant factors:
The constants that appear in (2.16) are related to the previously introduced parameters in the following way:
As noted by , there are studies that suggest the constant c 2 to have a value close to 5/9. They successfully applied the choice c 2 = 5/9 to the EARSM for non-stratified flows, which corresponds to C 1 = 0 and C 2 = 4/9. This parameter choice causes the second term on the right-hand side of (2.16a) to vanish, and it will considerably reduce the complexity of the derivation of the model. We will therefore adopt this choice throughout the rest of the paper. Equations (2.16a) and (2.16b) are implicit in a ij and ξ i . The goal is to obtain explicit expressions for these quantities of the form:
(2.18)
Note that the implicit equations are mutually coupled, which is ultimately caused by the buoyancy terms. Therefore, (2.16a) and (2.16b) need to be solved simultaneously for a ij and ξ i . This contrasts with the passive-scalar case, in which one can first solve the equation for a ij and then obtain ξ i directly by inverting a matrix. One technique for solving the implicit equations for a ij and ξ i consists of first assuming the factors N and N θ in front of the nonlinear terms to be known, which renders the equations linear. The method for solving the linear part of the equations was proposed by Pope (1975) for non-stratified flows, and it can be extended to the current situation by expanding a ij and ξ i in the following way:
where {T (k) ij } is a complete set of symmetric and traceless basis tensors and {V
(k)
i } is a complete set of vectors. In the present context, completeness means that all tensorial 98 W. M. J. Lazeroms, G. Brethouwer, S. Wallin and A. V. Johansson and vectorial combinations of S ij , Ω ij , Θ i and Γ i can be reduced to {T (k) ij } and {V (k) i }, respectively, using the Cayley-Hamilton theorem, which will be explained in the next subsection. The coefficients {β k } and {λ k } depend on invariant combinations of S ij , Ω ij , Θ i , Γ i . For non-stratified flows, Pope (1975) showed that {T (k) ij } consists of ten tensor groups in the general three-dimensional case, all of which involve S ij and Ω ij . Only five of these are linearly independent (see Taulbee, Sonnenmeier & Wall 1994; . However, additional terms involving Θ i and Γ i should be added to correctly treat cases with stratification. Furthermore, (2.16b) reveals that {V (k) i } should contain both Θ i and Γ i and combinations of these vectors with S ij and Ω ij .
By inserting the expansions of (2.19) in (2.16a) and (2.16b), and after expressing all products of tensors and vectors in terms of {T (k) ij } and {V (k) i } and collecting terms, one obtains a linear system of M + M equations for the coefficients {β k } and {λ k }. Solving for these coefficients then yields the explicit algebraic model for a ij and ξ i through (2.19). At this point, however, the coefficients depend on N and N θ , which are still unknown. Equations for these two quantities can be derived by inserting (2.19) in (2.17a) and (2.17b). The derivation described above is greatly simplified for the case of two-dimensional mean flows, which will be discussed in the next subsection.
Explicit algebraic models for two-dimensional mean flows
Consider the case of a two-dimensional buoyant flow for which the mean velocity, temperature gradient and gravitational vector are co-planar. Similar simplifications were also made by e.g. So et al. (2004) and Violeau (2009) . In this case, it turns out to be sufficient to write the expansions in (2.19) in terms of ten tensors and eight vectors (in matrix notation): 20b) where the {T (k)
} and {V (k) } are given in table 1. The β-and λ-coefficients can now be derived by inserting (2.20) in (2.16) (with C 1 = 0), and by doing so they will be functions of the invariants defined in table 2.
We shall first discuss the completeness of the set of tensors and vectors into which a and ξ are decomposed. For the two-dimensional mean flows considered here, the symmetric and traceless tensor a has at most three independent components. This means that it can be expressed in terms of three linearly independent basis tensors. This fact is used by Violeau (2009) to express a in terms of T (1) , T (2) and T (4) , which indeed are linearly independent as long as S = 0. Taking the limit S → 0 results in the basis tensors being zero, which implies that a should also go to zero. While this is true for non-stratified flows, (2.16a) reveals that the anisotropy is not necessarily zero in this case when buoyancy effects are present. Therefore, the linearly independent basis {T (1) ,
} is not complete in this limit, i.e. it does not span the space of all possible anisotropy states. The consequence is that the coefficients {β 1 , β 2 , β 4 } derived in this way will contain singularities in the limit S → 0. These singularities appear to drop out in parallel shear flows, which are often used as test cases for models (see § 3). For more general two-dimensional flows, however, they can cause severe problems. The message here is that one should not try to express a using the most compact (i.e. linearly independent) set of tensors. Instead, the set of tensors should also remain complete (i.e. span the space of anisotropy states) when S, Ω, Θ, Γ or combinations of these quantities go to zero. This requires adding more terms to the expansion. As shown by Pope (1975) , the number of terms required is limited by more general algebraic relations between tensor groups that can be derived on the basis of the Cayley-Hamilton theorem, which states that every matrix satisfies its own characteristic equation. In this respect, the ten tensor groups in table 1 are a complete set of tensors that span the solution space of (the linear part of) (2.16a). As we illustrate in appendix A, all symmetric and traceless combinations of S, Ω, Θ and Γ that are generated by (2.16a) in the current, two-dimensional case can be expressed as linear combinations of the tensor groups in table 1. In particular, for each tensor T and vector V in table 1, we can reduce T Ω − ΩT and Γ ⊗ V + V ⊗ Γ − 2(Γ · V )I/3. The tensor groups in table 1 are therefore sufficient for expressing the solution for a in a non-singular way, and similar arguments apply to the eight vectors in the expansion of ξ . The specific choice of tensors and vectors in table 1 is, however, not unique because they are not linearly independent. It might still be possible to reduce the required number of tensors and vectors, but this will most likely increase the complexity of the coefficients (also noted by Taulbee et al. 1994 for non-stratified flows).
Appendix A shows the details of the derivation of the linear system that needs to be solved for the β-and λ-coefficients in (2.20), together with the matrices describing this system. In their most general form, the 18 linear equations for two-dimensional mean flows are hard to solve algebraically, even with computer algebra software. However, taking c S = c Ω = 0 considerably reduces the complexity of the system in 100 W. M. J. Lazeroms, G. Brethouwer, S. Wallin and A. V. Johansson such a way that it can easily be solved by Maple. More importantly, this choice of values for c S and c Ω turns out to be a sufficient condition for having a non-singular model in the case of stably stratified parallel flows, as explained in the next section. In the rest of the paper, we shall therefore take c S = c Ω = 0. More details on the calibration of these constants can be found in § 4.1.
The linear system for two-dimensional mean flows given by (A 6) in appendix A can be solved to obtain the β-and λ-coefficients expressed in terms of the invariants in table 2 and the factors N and N θ . We now turn to the question of finding N and N θ , which are needed to make the expansion in (2.20) fully explicit. Equations for these two quantities can be obtained by first writing them in terms of the β-and λ-coefficients. From (2.17) and (2.20), we obtain:
By substituting the solutions for the β-and λ-coefficients, we find two coupled polynomial equations for N and N θ . Solving these nonlinear equations can be a difficult task, as will become clear in the next section.
Once the expressions for the β-and λ-coefficients and the factors N and N θ have been obtained, the expansions in (2.20) constitute a fully explicit algebraic model of a ij and ξ i . These models can be used to solve the mean flow equations (2.3), together with a suitable closure for K, ε and K θ . The next section discusses the application of the two-dimensional model to the special case of stably stratified parallel shear flows.
Application to stably stratified parallel shear flows
Two test cases are considered in this paper, namely turbulent channel flow and homogeneous shear flow, both with stable stratification. In these test cases we assume that the mean quantities only vary in the cross-stream direction and that this direction is aligned with the gravitational vector. This introduces further simplifications to the linear system for two-dimensional mean flows in (A 6) because the following holds for the invariants in table 2:
where Ri is the well-known gradient Richardson number:
in which y is the cross-stream coordinate. Note that Ri = 0 for non-stratified flows. The expressions for the β-and λ-coefficients in this case are given in appendix B, assuming C 1 = c S = c Ω = 0. Also note that we have the following relations between the tensors and vectors in table 1 for parallel flows:
which reduces the required number of tensors and vectors in (2.20). We can therefore write:
with
In the following, we shall first discuss the realizability of the model for stably stratified parallel flows in terms of the determinant of (A 6), which is the reason for choosing c S = c Ω = 0. Furthermore, some practical issues and corrections to the model are discussed that need to be addressed before the actual simulations can be done. More details can be found in appendix C.
Realizability constraints
In the case of parallel shear flows with C 1 = 0, the determinant D of the linear system in (A 6) can be written as follows:
and 
W. M. J. Lazeroms, G. Brethouwer, S. Wallin and A. V. Johansson
For stratified flows, this analysis becomes more complicated due to the terms involving Ri. Limiting ourselves to stable stratification for which Ri is positive, we again require N (and N θ ) to be positive, and the constants C 3 and c Θ are given positive values. To ensure that the Ri-dependent terms stay positive, the most simple choice would now be to take c Ω = 0, which together with the previous conditions for the passive scalar gives c S = c Ω = 0. This is the choice of parameters adopted in the rest of the paper. It might be possible to derive less restrictive conditions for c S and c Ω , as was done by Wikström et al. (2000) for the passive scalar, but this is not considered here. Because of the complexity of the terms in the determinant, the choice c S = c Ω = 0 might even be close to a necessary condition for avoiding singular behaviour. Nevertheless, it is a welcome choice of values for these parameters, as it significantly reduces the computation time needed to solve for the β-and λ-coefficients.
The discussion above is based on the requirement that both N and N θ stay positive. A method to determine expressions for these quantities is discussed in the next subsection.
The solution of the nonlinear part
The expressions for the β-and λ-coefficients in appendix B still contain the unknown factors N and N θ . The next step is to find expressions for these factors. First of all, we turn to the constant c θ5 in (2.21b). The value of this constant is put to 1/2 to simplify the expression for N θ . In the parameter study by Wikström et al. (2000) for passive scalars, this choice was included in the optimal set of parameter values. Using this assumption together with the relations for the invariants in (3.1) and the compact formulation of the coefficients introduced in (3.5), equations (2.21a) and (2.21b) become:
In principle, we can now substitute the expressions for the β-and λ-coefficients from appendix B into β 1,par , λ θ1,par and λ g1,par in (3.7a) and use (3.7b) to obtain a single equation for N. This equation, however, turns out to be a polynomial equation of sixth-order, for which no analytical solution exists. Solving such an equation by numerical means is difficult as well, since only one of its six solutions is the valid physical solution. The problem of determining N and N θ naturally arises from the nonlinearity of the implicit equations (2.16). Some previous authors (e.g. Mellor & Yamada 1982; Cheng et al. 2002) do not encounter the same difficulties because they use different assumptions that result in a fully linear implicit equation from the start. This is equivalent to taking constant values for N and N θ . As mentioned by , such simplifications give an incorrect asymptotic behaviour for large strain rates, and therefore a fully self-consistent model would be preferred. The derivations of Violeau (2009) and So et al. (2002 So et al. ( , 2004 do take into account the nonlinear terms in the implicit algebraic equations, but the problem of determining a fully explicit and self-consistent solution is avoided either by taking constant values for N and N θ , or by solving the equations numerically. Here we wish to take the compromise of finding fully explicit, yet approximate expressions for N and N θ .
The situation is less complicated in the case without stratification, where the nonlinear factor can be determined from a cubic polynomial equation (Girimaji 1996; Ying & Canuto 1996; . As a first attempt to approximate N, one could use the solution of this simpler equation, which we call N (0) . This approach is equal to putting Ri to zero in the aforementioned sixth-order equation. The resulting solution is:
with 9) and c 1 = 9(c 1 − 1)/4. An approximation for N θ , which we call N
θ , can then be found from (3.7b) with N = N (0) . In the procedure described above, we basically neglect all buoyancy contributions to the nonlinear part of (2.16). This approximation can possibly be improved by taking into account at least some of the buoyancy effects. We therefore propose a new approximation for N, called N , which is obtained as follows: and
in the expressions for β 1,par , λ θ1,par and λ g1,par . This procedure is essentially a one-step iterative method, and it is unclear if such a method would converge if continued from the first step. A better approximation might be obtained by using an ad hoc approach to force the initial guess N as follows:
where we have the following damping functions:
The form of the improvement given by (3.11) is inspired by the fact that N
overpredicts the value of the exact N in the outer region of turbulent channel flow, as the results in § 4 will demonstrate. We therefore wish to damp the value of N
in the outer region by means of f (N) 1 , while maintaining the constant value that is attained in the channel centre, where II S Ri is large, by means of f
θ , is again obtained from (3.7b). The final approximations for N and N θ that are used in the computations are then found from: and N θ = N (0) θ in the expressions for β 1,par , λ θ1,par and λ g1,par .
After an appropriate calibration of the constants C r1 -C r3 , the expressions for N and N θ given by (3.13) yield a model that is close to self-consistency for a wide range of Richardson numbers, and it gives values for N and N θ that are strictly positive. This will be shown in § 4. Furthermore, it reduces to the exact solution (N = N (0) ) in cases without stratification.
The expressions for N and N θ presented here are only applicable to stably stratified parallel flows. For other types of flows, such as unstably stratified cases, these expressions need to be modified, which is beyond the scope of the current work.
3.3. The K-ω and K θ models In § 2 it was mentioned that additional equations are needed for K, ε and K θ to close the turbulence model. In this work we choose the framework of the K-ω model proposed by Wilcox (1993) , which uses transport equations for K and an inverse time scale ω:
where α, β, β * , γ , σ K and σ ω are model parameters and ν t is an effective eddy viscosity. The production and buoyancy terms P and G are exact and given by (2.11a). Note that the dissipation rate ε is related to K and ω by ε = β * ωK. The detailed model can be found in appendix C. The K-ω model has been chosen because it can be integrated all the way down to the wall without problems, in contrast to the K-ε model for which more measures are needed to take care of singularities at the wall. Furthermore, the low-Reynolds-number version of the K-ω model (discussed in § 3.4) has been shown to give better results in the near-wall region than the corresponding K-ε model (also discussed in .
We wish to briefly discuss the appearance of the buoyancy term in the ω-equation (the last term in (3.14b) ). This term is modelled in the same way as the production term, namely by scaling the buoyancy term in the K-equation by ω/K. The value of the coefficient γ in front of this term is subject to debate. Peng & Davidson (1999) and Rodi (2000) discuss its value and mention that it should be close to −1 for horizontal boundary layers and close to 0 for vertical boundary layers. We would therefore expect γ = −1 to be a reasonable choice for the channel-flow case considered here. Note that the corresponding buoyancy term in the transport equation for ε is (1 + γ )(ε/K)G , so the choice γ = −1 corresponds to neglecting the buoyancy contributions in this equation. However, it turns out that the results for homogeneous shear flow are improved when γ is chosen to be closer to 0. Therefore, we choose γ = −0.5 as a compromise. Peng & Davidson (1999) also mention the possibility of a varying γ that depends on the flow case, which might be more physical, but it is beyond the scope of this work to investigate this part of the model.
A closure of the current turbulence model also requires solving for K θ , which appears in the β-and λ-coefficients through the quantities |Θ| 2 and |Γ | 2 . First of all, calculating K θ involves determining its dissipation rate ε θ through the time scale ratio r (see (2.11b)). It has been shown that the assumption of constant r gives a good prediction of the dissipation rate for passive scalars (Johansson & Wikström 1999 ).
We choose to apply this assumption to the active scalar, as well, and take r = 0.55. We can now solve the transport equation (2.10b), taking a similar expression for the diffusion term as was done in (3.14) (see appendix C).
Note that we also need K θ when evaluating the expressions for N discussed in the previous section (equations (3.10) and (3.13)). For simplicity, we shall use an explicit algebraic approximation for K θ in these expressions instead of the solution of (2.10b). Using such an approximation at this level of the model is not expected to alter the final results significantly. The explicit expression for K θ can be derived by neglecting the left-hand side of (2.10b), which results in a balance between production P θ and dissipation ε θ . Such a balance appears to exist in a large part of the channel, which partly justifies this approach. By inserting the expressions in (2.11b) into the equation P θ = ε θ , we find:
Note, however, that this equation is still implicit in K θ because of the terms containing |Θ| 2 and |Γ | 2 that are present in the λ-coefficients, which appear through the modelled heat flux u i θ. In order to obtain an explicit model for K θ , one needs to insert the full explicit algebraic heat-flux model (including the near-wall corrections discussed in the next section) in (3.15) and solve analytically for K θ . The detailed expression is given in appendix C.
Corrections for wall-bounded flows
The model presented so far does not automatically account for the correct asymptotic behaviour of the turbulence quantities near a wall, e.g. in boundary layers or channel flow. As a first remark, the turbulence time scale τ = K/ε, which has been used to scale the quantities in (2.15), approaches zero near the wall because K goes to zero. Durbin (1993) proposed to limit this time scale near the wall by the Kolmogorov time scale, using the following expression: 16) with C τ = 6.0. It is this time scale that will be used instead of K/ε to provide a more physical near-wall behaviour.
As shown by , one can also make use of wall-damping functions to ensure the correct near-wall asymptotic behaviour of the Reynolds stress model. The anisotropy components in the so-called low-Reynolds-number version of the model are then modified in the following way:
in which B 2 = 1.8. The damping function f 1 used here is of Van Driest type: (Sommer, So & Lai 1992) : 19d) where uθ + and vθ + are the streamwise and wall-normal components of the heat flux in wall units, respectively. These expressions yield the following asymptotic behaviour of the normalized heat flux in (2.12):
20a)
The channel-flow simulations discussed in the next section show that both components of ξ i attain a non-zero value at the wall without any wall corrections. Therefore, the following corrections are needed to ensure the correct asymptotic behaviour in (3.20):
where C u = √ 2/a K (a uθ /a θ ) and f 2 has the following form:
The constants C u and A θ are to be calibrated to give a good fit to data of direct numerical simulations (DNS) near the wall. This is discussed in § 4. Appendix C shows more details of the implementation of these near-wall corrections with the current explicit algebraic model. The near-wall corrections described above should be used together with the socalled low-Reynolds-number formulation of the K-ω model (Wilcox 1993) . In this formulation, the coefficients α and β * in (3.14) are no longer treated as constants but as functions of the turbulence Reynolds number Re t = K/(ων). The coefficient γ is not modified because buoyancy effects are negligible in the near-wall region. Moreover, one should address the issue of the singular behaviour of the ω-equation near the wall. One can show that the near-wall asymptote of ω, which we call ω w , has the following form: 23) which is singular at y = 0. A method for dealing with this singularity in numerical computations was proposed by Gullman-Strand (2004) . This method consists of using the decomposition ω = ω w + ω and solving the equation for ω, for which we can use the simple and regular boundary condition ω(y = 0) = 0. This so-called split version of the K-ω model will also be used in the case of turbulent channel flow that is discussed in the next section. 
Model evaluation
In this section the proposed model is applied to two test cases and the performance of the model is investigated by comparing the outcome with DNS data. We also discuss the calibration of the model constants, the consistency of the formulation with respect to the modelling of N and N θ , as well as the issue of realizability. The results have been obtained by numerically solving (2.3) together with the turbulence model (see appendix C). The FORTRAN code for the numerical solver has been automatically generated using Maple. It uses second-order central differences for the spatial discretization and a second-order Crank-Nicolson scheme in time. For steadystate computations a first-order implicit Euler scheme is used. Table 3 shows the chosen values for the most important constants in the model. Most of these constants appear through the modelled pressure-redistribution terms (equations (2.7) and (2.9)). On the one hand, the values of some of these constants are chosen to be equal to the corresponding values in the models of and Wikström et al. (2000) , in order to ensure the same behaviour as these models for non-stratified flows. This is true for the constants c 1 , C 1 , C 2 , C 3 , c θ1 , c θ5 and c Θ . The coefficient c θ1 was proposed to be a function of r by Wikström et al. (2000) , and the possibility of constant r and c θ1 was investigated by Högström, Wallin & Johansson (2001) , who chose the value r = 0.55 as a compromise between DNS values for homogeneous shear flow. The constants c S and c Ω are given new values compared to Wikström et al. (2000) . This is done to avoid a possible singular behaviour of the model caused by a change of sign in the determinant D given by (3.6). The resulting model turns out to be robust in the sense that the determinant D does not become zero in any of the test cases discussed below. According to the parameter study conducted by Wikström et al. (2000) (also to be found in more detail in Wikström 1998), taking c S = c Ω = 0 is not the optimal choice, but the results will be influenced only in a minor way, as shown in § 4.3.
Calibration
On the other hand, there are a number of new constants that appear due to the effects of buoyancy. First of all, the constants C 3 and c Γ arise from the buoyancy contributions to the pressure-redistribution terms (2.7) and (2.9). These constants have been calibrated to give the best possible results for the two test cases discussed below, in a large range of values for Ri. The constants C r1 , C r2 and C r3 appear in the expression for N (equations (3.11)-(3.13)) and are calibrated to make the model approximately self-consistent, which is shown in § 4.4. These coefficients cannot be calibrated independently from C 3 and c Γ , but a good compromise has been found nonetheless. The constants C u and A θ are related to the near-wall corrections to the heat flux shown in (3.21). These constants are calibrated in the case of channel flow to get the correct asymptotic behaviour of ξ i , which is shown in § 4.3.
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In the first test case of homogeneous shear flow, both the velocity gradient S U = dU/dy and the temperature gradient S T = dΘ/dy are uniform and constant. This simple flow is governed by the K-ω equations (3.14) and the K θ -equation (2.10b), where the diffusion terms are equal to zero. An analysis of these equations will show that ω tends towards a steady-state value for t → ∞, and K (and K θ ) either increases indefinitely or decays to zero. Using the steady-state value of ω, one can derive the following condition for decaying K in the current model:
where α, β, β * and γ are constants of the K-ω model, and Pr t is the turbulent Prandtl number, which for the current model is equal to β 1,par /2λ θ1,par (see appendix C). In principle, we could use the expression for β 1 and λ 0 in (4.1) to derive a stability criterion in terms of the gradient Richardson number Ri. In other words, this will give a critical gradient Richardson number Ri c above which the effects of stable stratification are so strong that turbulence decays. Due to the complexity of the expressions in the current model, we choose to investigate the critical Richardson number by numerical means. Note that (4.1) does give a simple result for the flux Richardson number Ri f = Ri/Pr t , whose critical value for the current choice of model constants is approximately equal to 0.21. Interestingly, this value was also obtained in the model by Mellor & Yamada (1974) . Figure 1 shows some results of the current model for homogeneous shear flow. In these cases, the shear number S U K/ε is initially set to 1, after which it converges to a constant value. In figure 1(a) we can clearly see the effect of increased stable stratification on the time evolution of K. For Ri = 0 the turbulent kinetic energy increases quite rapidly, and this growth is gradually suppressed when the Richardson number is increased. At a certain level of stable stratification (Ri ≈ 0.25), K tends towards a constant value, and it decays to zero when the Richardson number is increased further. The results thus show that Ri c ≈ 0.25 for the current choice of model constants. The same conclusion can be drawn from figure 1(b), which shows the total production-to-dissipation ratio for K. We can see that (P + G )/ε → 1 for Ri ≈ 0.25, which corresponds to dK/dt → 0 in the K-equation. Below this level of stratification, the shear production P dominates and K increases, while the buoyancy term G dominates in the regime Ri > 0.25. The critical Richardson number found here corresponds to the value derived by Miles (1961) and Howard (1961) through linear stability analysis for stably stratified inviscid shear flows.
The behaviour of the anisotropy components in homogeneous shear flow is shown in figure 1(c,d) . The suppression of turbulence by buoyancy discussed above can also be seen in the behaviour of the anisotropy component a 12 , which corresponds to the turbulent shear stress. In the non-stratified case, this component attains the value −0.3 that was also obtained by , and the asymptotic value decreases towards zero when the Richardson number is increased. The diagonal components a 11 and a 22 have equal but oppositely signed values for Ri = 0 (which is a consequence of taking C 1 = 0), but for increased stratification a 11 increases while a 22 decreases. This means that energy is added to the streamwise fluctuations and removed from the cross-stream fluctuations since the latter are damped by buoyancy.
The results for the critical Richardson number and the Reynolds-stress anisotropy presented here also agree reasonably well with various DNS of stably stratified Jacobitz et al. (1997) for different values of the Richardson number.
homogeneous shear flow (e.g. Jacobitz, Sarkar & van Atta 1997; Shih et al. 2000) . For example, table 4 compares the results for the anisotropy component a 12 in the steady state with the DNS data found by Jacobitz et al. (1997) . Both the DNS and the model show a reduction of |a 12 | with stratification. One should take into account that these simulations generally are run for much shorter times, and they might not completely reach the steady state discussed here. Therefore, table 4 should be regarded as only a rough comparison between the model and the DNS.
Turbulent channel flow
Next we consider a horizontal channel with a constant temperature difference T between the two walls, where the top wall has the highest temperature to ensure stable stratification. The flow inside the channel is driven by a constant streamwise In this test case, the model has been evaluated for Re τ = 550, Ri τ = {0, 120, 480, 960} and Pr = 0.7. These simulations have been performed on a collocated grid with 201 grid points along half the height of the channel, which are clustered in the near-wall region. Figures 2 and 3 show the results for some turbulence statistics as a function of the scaled wall distance y/h and compares them with DNS data obtained by García-Villalba & delÁlamo (2011) . The mean velocity profile shown in figure 2(a) agrees well with the DNS data. We can clearly see that stable stratification causes a higher velocity in the centre of the channel compared to the unstratified case, while the effects of stratification in the near-wall region are limited. The higher velocity in the centre is due to the suppression of the turbulent shear stress there, which is apparent in figure 3(a) . The turbulent shear stress uv is also well predicted by the model. Figure 2 (b) shows the mean temperature profile. The model outcome for the three stratified cases compare very well with the DNS data. For the non-stratified case, however, the mean temperature is somewhat overpredicted. This overprediction is caused by the fact that the temperature gradient in the centre of the channel is relatively small for this case, which means that the role of diffusion is larger than in the stratified cases. This issue has been inherited from the passive-scalar model of Wikström et al. (2000) , and it was shown by Högström et al. (2001) that a suitable diffusion correction can be used to improve the temperature profile. This correction was derived for non-stratified cases only, and it does not seem to be necessary for the stratified cases. For this reason, we have chosen not to use it in the current model. It is clear that stable stratification causes a steepening of the temperature gradient in the centre of the channel in such a way that it becomes equal to the gradient at the wall. This is caused by the fact that the wall-normal turbulent heat flux vθ, shown in figure 3(b) , tends towards zero in this region, and because the total heat flux is constant (equation (2.3c) with DΘ/Dt = 0). The latter behaviour is nicely captured by the model, especially for the higher Ri τ cases. In the case Ri τ = 120, however, the heat flux as predicted by the model appears to go to zero too quickly in the centre. In figure 3 (c) we show the streamwise component uθ of the turbulent heat flux. This quantity appears to be underpredicted by the current model in the centre of the channel. Near the wall the model gives good results due to the use of near-wall damping functions as discussed in § 3.4. The underprediction of this quantity is caused by the parameter choice c S = c Ω = 0, which amounts to c θ2 = 1 and c θ3 = 0. More precisely, choosing these parameter values in the pressure-redistribution term Π θi (equation (2.9)) cancels out the second term of the production P θi (equation (2.5)) that depends directly on the mean velocity gradient. Therefore, part of the production of uθ is underpredicted, and we find too small values for this component of the heat flux. Since −u j θ∂U i /∂x j is identically zero in the equation for vθ in channel flow, this problem does not occur for the wall-normal heat flux. Despite the fact that uθ is underpredicted, the resulting values are non-zero, in contrast to standard eddy-viscosity models. Moreover, as mentioned in § 3.1, the constant c S and c Ω were put to zero to ensure robustness of the model, which has a higher priority than the correct prediction of uθ .
The root-mean-square (r.m.s.) of the temperature fluctuations is shown in figure 3 (d) for a non-stratified case and a stratified case (Ri τ = 480). In the model, this quantity is directly obtained from the expression for K θ in (3.15). In both cases shown, the temperature fluctuations are somewhat underpredicted in the channel centre. For the non-stratified case, this is due to neglecting the diffusion terms in the K θ -equation, and the result may be improved by a proper diffusion correction as mentioned above for the mean temperature profile. In the stratified case, however, the discrepancy is due to the presence of internal gravity waves in the DNS, which the current model does not account for. The results in figures 2 and 3 should be compared to the ones in figure 4 , for which we have evaluated the standard low-Re K-ω model with a simple eddy viscosity ν t = α * K/ω and eddy diffusivity κ t = ν t /0.9, and including the buoyancy terms in the K-and ω-equations (see § 3.3). Although this simple eddy-diffusivity model roughly captures the trends for increasing stratification, the mean velocity, temperature and wall-normal heat-flux profiles are not well predicted. The newly proposed explicit algebraic model thus provides a clear improvement over these simple models.
Since the explicit algebraic model has been evaluated using the K-ω model shown in § 3.3, instead of using DNS data for K and ε as in some of the literature, it is also important to investigate the predictions for the turbulent kinetic energy K and its dissipation rate ε. These are compared with the DNS in figure 5 for a non-stratified and stratified case. We can see that the model results agree well with DNS in both cases, and e.g. correctly predicts the damping of K in the centre of the channel. This also shows that the model is capable of giving good results in practical situations where an additional model like K-ω should always be used. Finally, we discuss the near-wall corrections that have been used to obtain the channel-flow results presented here. The corrections for a ij in (3.17) have already been discussed by . Here we shall focus on the newly proposed corrections for the heat flux ξ i given by (3.21). Figure 6 shows the two components of ξ i in the current channel-flow test case for Ri τ = 480, both with and without near-wall corrections. Comparing the results with the DNS by García-Villalba & delÁlamo (2011) , one can see that the modifications proposed in (3.21) indeed give the correct asymptotic near-wall behaviour for ξ i that would not have been obtained otherwise.
An explicit algebraic model for stably stratified flows
Consistency of the formulation of N and N θ
The previous results show that the current model agrees well with DNS for the most important turbulence statistics in turbulent channel flow. In this section, we will discuss a more fundamental aspect of the model, namely the consistency of the 
formulation of N and N θ as described in § 3.2. Equation (2.17a) shows that the exact solution for N is directly related to the total production-to-dissipation ratio,
In a consistently formulated model, the final outcome for (P + G )/ε should agree perfectly with the value of N − c 1 + 1. Such a formulation can only be found when one has the exact solution for N. Since we are using approximate expressions for N and N θ , the consistency of the current formulation needs to be checked. Note that N θ is directly related to N through (3.7b), so that we can focus on the latter quantity. Figure 7 compares the different approximations for N discussed in § 3.2 with the total production-to-dissipation ratio, for a non-stratified and a stratified case in turbulent channel flow. In the non-stratified case, all three approximations for N − c 1 + 1 collapse with the final outcome of (P + G )/ε throughout a large part of the channel. This is to be expected since all three expressions for N reduce to the exact solution in this non-stratified case. In the near-wall region, however, the formulation is inconsistent, but this is caused by the near-wall corrections that are used here. To regain consistency in this region, one would need to apply near-wall damping functions on the model constants rather than the β-and λ-coefficients. This has not been done here to avoid recalibration of these near-wall corrections with respect to the formulation of .
In the stably stratified case shown in figure 7(b), the three approximations for N clearly differ. Using the exact solution N 0 from the non-stratified case does not suffice here, since (P + G )/ε is severely overpredicted by this quantity. The modified version of N 0 , called N 0 , is already much closer to (P + G )/ε, but there is still a slight discrepancy in the centre of the channel. Once we have calculated the final approximation N 1 by means of the one-step iteration method, as outlined in (3.13), the discrepancy in the centre of the channel is resolved, and the final model turns out to be close to self-consistency. Again, an inconsistency remains in the formulation close to the wall due to the near-wall corrections.
Figure 7 also shows the results for (P + G )/ε from the DNS by García-Villalba & delÁlamo (2011) . These results agree well with the final outcome of the model throughout a large part of the channel, starting from the near-wall region. Near the centre of the channel, the model outcome starts to differ from the DNS in both cases shown. This discrepancy can be avoided in the non-stratified case by using the diffusion correction proposed by . However, this does not have a significant effect on the results for the mean statistics and therefore it is not used here. The DNS results also show that the production-to-dissipation ratio goes to zero at the centre of the channel in the non-stratified case, while it attains a negative value there for the stably stratified case due to buoyancy-induced damping of turbulence. This negative value depends only slightly on Ri τ , which is the reason why we force N 0 in (3.11) to a constant value in the centre of the channel, where II S Ri is large. Taking into account that we use c 1 − 1 = 0.8, the results in figure 7 show that the approximations for N stay positive throughout the channel, which is an important criterion for robustness as discussed in § 3.1.
Realizability
An important requirement for turbulence models is realizability, which means that the model should not give results that are unphysical. In particular, the Reynolds-stress tensor should be modelled in such a way that its diagonal components do not give rise to negative energies. It was shown by Lumley (1978) that the realizable states for the Reynolds-stress anisotropy a ij can be characterized by its two invariants:
which should satisfy the following inequalities:
These inequalities give rise to the so-called Lumley triangle, of which one side corresponds to the two-component limit (the last equality in (4.3)) and the other two sides correspond to axisymmetric turbulence (the first equality in (4.3)). One axisymmetric limit (III a < 0) corresponds to states for which fluctuations along the axis of symmetry are smaller than fluctuations perpendicular to this axis, while the other axisymmetric limit (III a > 0) corresponds to states where the axial fluctuations are largest. Figure 8 shows the anisotropy invariant maps for channel flow of both the model and the DNS by García-Villalba & delÁlamo (2011) , together with the Lumley triangle. All points in figure 8(a,b) stay within the Lumley triangle. This means that the model gives realizable results, both in the non-stratified and the stratified case. It is interesting to compare the results of the model in figure 8(a,b) with the DNS in figure 8(c,d) . The DNS show that in both cases there are a considerable number of points very close to the two-component limit. These points correspond to the viscous sublayer that is closest to the wall. As noted before, the near-wall corrections do not completely capture this region very close to the wall, although the two-component limit is approached. Going further away from the wall, the DNS approaches the right-hand axisymmetric limit in the non-stratified case, and then continues towards the point II a = III a = 0, which corresponds to isotropic turbulence. Approximately the same path is followed by the model in this case. In the stratified case, there is clearly a difference in the path taken by the DNS and the model. In the model, all fluctuations in the centre of the channel are damped by buoyancy, but the vertical fluctuations are damped more than the horizontal ones, leading to the left-hand axisymmetric limit. The DNS, however, contains the effects of gravity waves, which cause significant vertical fluctuations, while the horizontal ones are still damped by buoyancy. Therefore, the DNS approaches the right-hand axisymmetric limit for the centre of the channel. Before ending at this limit, the DNS results appear to switch between the right-and left-hand axisymmetric limits, which is caused by a local minimum in the vertical fluctuations (see García-Villalba & delÁlamo 2011).
Conclusions
The strength of the model proposed in this work lies in the fact that it is derived from the exact transport equations for u i u j and u i θ with relatively few assumptions. There are three important aspects in the derivation that differ from some previously proposed models. First of all, the correct form of the weak-equilibrium assumption was used to obtain the implicit algebraic equations in (2.16). By using the principles first proposed by Rodi (1972) , we obtained a nonlinear model that is more general than the linear models found by Mellor & Yamada (1982) and Cheng et al. (2002) . In this nonlinearity lies the second important aspect of our work. The nonlinear part of the model cannot be solved exactly, but is treated by an approximation in the form of explicit expressions for N and N θ . This approach is more general than assuming constant values for N and N θ (Violeau 2009 ) and more practical than solving the nonlinear equations numerically (So et al. 2002 (So et al. , 2004 . Thirdly, the set of tensors and vectors used to express a ij and ξ i is complete in the limit of zero mean strain rate, which should yield a non-zero anisotropy when buoyancy effects are present. This leads to coefficients that are non-singular in this limit, in contrast to the approach of Violeau (2009) . By expanding both a ij and ξ i in terms of the mean quantities, we obtain fully explicit expressions, as opposed to the coupled set of algebraic equations found by So et al. (2002 So et al. ( , 2004 . Other features of the model that need to be pointed out are the specific models used for the pressure-redistribution terms (equations (2.7) and (2.9)) and the wall corrections mentioned in § 3.4. The equations are closed by the K-ω and K θ models discussed in § 3.3.
For general two-dimensional stratified flows, we derived the system of linear equations presented in appendix A. As mentioned in § 2.3, the fully general system is hard to solve, but taking c S = c Ω = 0 makes it possible to easily find a solution using computer algebra software. Although the resulting expressions for the β-and λ-coefficients in this general case have not been presented in the current paper, they can be solved for and implemented using Maple and automatic code generation. The current work is therefore an important step towards a fully explicit algebraic model that can be used for general two-dimensional stratified flows.
We have focused our attention on stably stratified parallel flows, for which we found a fully explicit, robust, approximately self-consistent and realizable model. It was shown to give good results for homogeneous shear flow and turbulent channel flow. In the first case, the model was found to give a critical Richardson number of 0.25, corresponding to the theoretical result by Miles (1961) and Howard (1961) , based on linear inviscid stability analysis. This critical Richardson number occurs naturally in the current formulation of the model, and it agrees well with DNS data of stably stratified homogeneous shear flow.
Furthermore, the channel flow results presented in § 4.3 agree well with the DNS data. There are some minor issues such as the need for diffusion corrections in the case of the mean temperature, the underprediction of the streamwise heat flux, and the fact that gravity waves are not represented by the model. Apart from these facts, the current model has a large potential for predicting stably stratified wall-bounded flows, both in engineering and atmospheric applications. One should also note that the results presented here cover a large range of stratification levels, quantified by means of Ri τ . At the highest levels of stratification presented here (Ri τ = 480 and Ri τ = 960), García-Villalba & delÁlamo (2011) observed partial relaminarization of the flow in their DNS, but the model is still able to capture most of the trends correctly in these cases. In fact, much higher values of Ri τ have been tried, for which no comparison with DNS could be made. At very high Ri τ , the mean velocity was found to converge to a laminar state, although the approximation for N is no longer self-consistent at these levels. Nevertheless, this indicates that the model tends towards a correct behaviour for these (perhaps unphysically) high Richardson numbers and does not break down.
From a physical viewpoint, it might be seen as a disadvantage that some of the parameters in the model have been given constant values based on studies for the passive scalar, instead of performing a priori studies for active scalars as well. A possibility for keeping the good predictions of the model for passive scalars found by and Wikström et al. (2000) , while improving the results for active scalars, would be to allow a buoyancy-dependence in some of the parameters shown in table 3. However, this is beyond the scope of this work, and we would also like to stress the advantage of having constant model parameters for practical reasons. In this respect, the parameter γ appearing in the K-ω model can also be investigated further.
In summary, the current model gives promising results for stably stratified parallel flows. The question now arises of whether the model is capable of handling situations with unstable stratification. In such cases, the gradient Richardson number Ri used in algebraic model in two-dimensional mean flows
Here we will show some of the details of the derivation of the linear system for obtaining the β-and λ-coefficients in (2.20) for two-dimensional buoyant flows. First note that, if we fix the coordinate system so that the statistical invariance of these two-dimensional flows occurs in the x 3 -component, a and ξ can be written as follows: The quantities ξ , S, Ω, Θ and Γ are therefore essentially two-dimensional, as are their products, so they can be regarded as two-dimensional matrices and vectors extended to three dimensions. The tensor a is essentially three-dimensional, which explains the use of the three-dimensional identity tensor I in table 1. Following Pope (1975) , we shall base the derivation on the Cayley-Hamilton theorem, which states that any matrix satisfies its own characteristic equation. This yields the following relations for any two-dimensional matrices A and B: where I 2 denotes the identity matrix in two dimensions and tr{A} = A ii is the trace. We already know that tr{S} = tr{Ω } = 0 (by virtue of (2.3a)). Other traces are either defined in table 2 or can be reduced to these by using the general identities tr{AB} = tr{BA} and tr{A T } = tr{A}. Also note that tr{AB} = 0 if A is symmetric and B antisymmetric. Equations (A 3) can now be applied to different tensor groups involving S, Ω, Θ and Γ to derive the following list of relations: We now take the expansions in (2.20) and insert them in the implicit equations (2.16) with C 1 = 0, which gives:
= − 8 15 For the stably stratified parallel flows discussed in § 3, the solution of the linear system in (A 6) with C 1 = c S = c Ω = 0 is as follows:
, β 2 = λ g2 = λ g4 = 0, β 4 = − 8 15
